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What is 
ergodicity here?

G E N E R A L  Q U E S T I O N

Question: How do we build equilibrium statistical mechanics starting 
from the microscopic laws?

Classical laws 
(Newton)

One possibility is 
Boltzmann’s ergodic 
hypothesis (to be proved in 
actual models)

Quantum laws

?
One possibility is ETH 
[Deutsch91, Srednicki94, 
Berry77, Rigol-Dunjko-
Olshanii08] (to be proved in 
actual models)

Large math literature: Shnirelman74, Zeldtich87, 
Sunada97, Rudnik&Sarnak94, Hassell08…



S E T T I N G  T H E  S TA G E :  ( Q U A S I - )  I S O L AT E D  Q  S Y S T E M

H =
X

n

En⇧n

<latexit sha1_base64="O2tfdTtnoRiTdivct+rYFJz8a8I="></latexit>

Energy shell

Energy shell’s Hilbert space

SV
<latexit sha1_base64="anzfoiGSGlcuPIyDs/sRj91Tfh8="></latexit>

Set of quantum states 
supported in HV

hAiV = Tr(A⇢V ),

✓
⇢V =

⇧V

NV

◆

<latexit sha1_base64="/GTXVIEt6nw+XkR6eLwzHb4PDp8="></latexit> Statistical average
Microcanonical state

Energy constrained to V ⇢ �(H)
<latexit sha1_base64="CZeVdSrPBJdIvXs+ioSa7q7sFzA=">AAANOnicpVdbbxtFFHbLrTgBWnjk5UDrapcmwQ6VQFEsNQkWQUpR2iaOJY+9Gu/Orqdd7zq745Kwnt/FC7+CNx544QGEeOUHcGb26tiFiK4VZ/ZcvvOdmTNnxqOpz2PRbP5y4+Ybb7719ju33q2vrb/3/ge373zYjcNZZLNTO/TDqDeiMfN5wE4FFz7rTSNGJyOfnY1eHCj92UsWxTwMTsTllA0m1Au4y20qUGTdWTtuHFj7Bp </latexit>

V = {En|E  En  E + |�}
<latexit sha1_base64="VRM1P2mBnH4GDVqkLYP/E+SFGUY="></latexit>

e.g.

⇧V =
X

En2V

⇧n

<latexit sha1_base64="oQ/6N6r5hq96texPbocaLmYt8CU="></latexit>

HV = Ran(⇧V )
<latexit sha1_base64="tpLL5NT80WAloCJp3qdksn06NeA="></latexit>

Ideally:

Projector

NV = Tr(⇧V ) = dim(HV )
<latexit sha1_base64="p2kDmW0mkwWwVPguXrshjUuRu1k="></latexit>

Dimension

Eigendecomposition 
(finite dim)

⇢V =
X

En2V

fn⇧n

<latexit sha1_base64="vm1f0uYVjCcBNDTqy1tIgghQTqs="></latexit>

More generally ρV invariant  ⇒



E I G E N S TAT E  T H E R M A L I Z AT I O N  H Y P O T H E S I S  ( E T H )

Tr[A(t)⇢0] = Tr

 
X

n

⇧nA⇧n⇢0

!
' hAiV Tr(⇢0) = hAiV

<latexit sha1_base64="6zLm9kiDr8IeVqZEQPykOyBzn2k="></latexit>

⇧nA⇧m ' hAiV ⇧n�n,m En, Em 2 V

⇧nA⇧n ' hAiV ⇧n
<latexit sha1_base64="xUBHKRQ98BvuqxRRkN9h6VsKOnU="></latexit>

ETH:
ETH-D (Diagonal)

⇢0 2 SV
<latexit sha1_base64="MLFJlzsDBAopdnh6yx2VBnKT67g="></latexit>

hEn|A|Emi ' hAiV �n,m
<latexit sha1_base64="p0MGUp1gTsg4Ogo5b3As09TjIrA="></latexit>

For non-degenerate levels:

Implications:
 
f := lim

T!1

1

T

Z T

0
dtf(t)

!

<latexit sha1_base64="Jy4iUDHLZG2R1ZUzXWmWlXG1vGE="></latexit>
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Ô oscillate at di↵erent frequencies and therefore aver-
age out. We note that the steady state value hÔi1 is
reached only in the thermodynamic limit, while finite
size systems show revivals. Since p↵ are fixed by the ini-
tial state, the natural way to ensure that an observable
Ô reaches a thermal expectation value at long times for
generic initial states is to assume that the expectation
values in individual eigenstates, h↵|Ô|↵i, agree with the
microcanonical ensemble.

Such an explanation of thermalization using proper-
ties of individual eigenstates, proposed by Deutsch, 1991
and Srednicki, 1994, is known as the eigenstate ther-
malization hypothesis (ETH). More precisely, the ETH
states that in ergodic systems, individual many-body
eigenstates have thermal observables, identical to micro-
canonical ensemble value at energy E = E↵, h↵|Ô|↵i ⇡

Omc(E). Thus, even if the entire system is prepared in an
eigenstate, its subsystems experience the remainder as an
e↵ective heat bath, and explore possible configurations,
restricted only by global conservation laws (e.g. energy).
In this sense the ETH mechanism of thermalization im-
plies ergodicity, so in what follows we use both notions
interchangeably. ETH has been extensively tested in nu-
merical simulations of small quantum systems (D’Alessio
et al., 2016). While all known examples of thermalizing
systems obey ETH, at present it is not clear if ETH is a
necessary condition for thermalization.

The ETH, as formulated above, implies thermalization
at infinitely long times. More specifically, since for phys-
ical initial states, the probabilities p↵ are concentrated
around a certain energy, from Eq. (2) one can show that
hOi1 ⇡ Omc. However, in order to describe the approach
to the equilibrium values and bound the temporal fluctu-
ations, one needs further information about o↵-diagonal
matrix elements. Srednicki, 1999 introduced the follow-
ing ansatz for both diagonal and o↵-diagonal matrix ele-
ments of local operators Ô in the basis of eigenstates,

h↵|Ô|�i = Omc(Ē)�↵� + e�S
Ē
th/2R↵�f(!, Ē), (3)

where Ē = (E↵ + E�)/2 denotes the average eigenen-

ergy, and ! = E↵�E� is the energy di↵erence. SĒ

th is the
thermodynamic entropy, and R↵� is a normal-distributed
random number. The expectation value of local observ-
able and the spectral function, denoted as Omc(Ē) and
f(!, Ē) respectively, are smooth functions of !, Ē. Sred-
nicki (1999) demonstrated that such an ansatz Eq. (3)
is su�cient to ensure the relaxation of local observables
and to bound their temporal fluctuations.

ETH has direct implications for the structure, and
in particular for the entanglement properties of ergodic
eigenstates. For an eigenstate |↵i obeying ETH, all ob-
servables within a su�ciently small subsystem A will
have thermal expectation values. This implies that
the reduced density matrix of this subsystem, ⇢A =
trB |↵ih↵| (here B is the complement of A) is thermal.

Therefore, the entanglement entropy of A in state |↵i,
which is defined as the von Neumann entropy of ⇢A is
equal to the thermodynamic entropy:

Sent(A) = tr ⇢A log ⇢A = Sth(A). (4)

Since thermodynamic entropy is extensive, this implies
that for highly excited eigenstates |↵i the entanglement
entropy obeys “volume-law”, scaling proportionally to
the volume of the subsystem, Sent(A) / vol(A). As we
will see below, entanglement properties of MBL eigen-
states are dramatically di↵erent.

The matrix element ansatz Eq. (3) also implies the
strong sensitivity of ergodic eigenstates to external per-
turbations of the Hamiltonian. Let us perturb the Hamil-
tonian by adding a small term ✏Ô to it, and ask how this
modifies the eigenstates. Typically, the function f(!, Ē)
decays relatively slowly for ! . J , where J is the char-
acteristic energy scale of Ĥ (e.g. hopping and local in-
teraction strength). Then, Eq. (3) implies that the o↵-
diagonal matrix element is exponentially larger than the

many-body level spacing, which scales as � ⇠ Je�S
Ē
th .

Therefore, a small local perturbation of Hamiltonian, ✏Ô
with ✏ ⌧ 1, generally has a non-local e↵ect in Hilbert
space, mixing an exponentially large number of origi-
nal eigenstates (since SĒ

th is proportional to the system’s
volume). Thus, the new eigenstates in the presence of
a small perturbation are very di↵erent from the origi-
nal ones, reflecting a chaotic character of ergodic quan-
tum systems. Interestingly, the above ansatz also im-
plies a finite relaxation rate given by the Fermi’s Golden
rule � ⇠ |O↵� |

2/�.
Finally, the sensitivity of ETH eigenstates to exter-

nal perturbations implies level repulsion. The statis-
tics of many-body level spacings, s↵ = E↵+1 � E↵,
where {E↵} is the ordered set of eigenenergies, was
previously established to be an indicator of quantum
chaos for few-body systems (Wigner, 1951), e.g., sta-
dium billiards (see (D’Alessio et al., 2016) and references
therein). In particular, zero-dimensional quantum sys-
tems whose classical counterpart has chaotic dynamics
display level repulsion. The level spacings in such sys-
tems obey Wigner-Dyson statistics, where the probabil-
ity density p(s) vanishes as a power-law s� , as s ! 0 with
� = 1, 2, 4 depending on the symmetry class of the model.
Wigner-Dyson statistics was also found in thermalizing
many-body lattice models (D’Alessio et al., 2016). In
contrast, if the system has an extensive number of in-
tegrals of motion (as is the case for e.g. Bethe-ansatz
integrable models), the eigenenergies that belong to dif-
ferent sectors behave as independent random variables.
Hence, in such systems the distribution of level spacings
is Poisson, and p(0) = 1.

As we will demonstrate below, in the MBL phase the
eigenstates break ETH and display very di↵erent proper-
ties. In particular, entanglement scaling obeys area-law

Abanin, E. Altman, I. Bloch, and M. Serbyn arXiv:1804.11065 
Ergodicity, Entanglement and Many-Body Localization:

Proposition 0 If observable A satisfies ETH-D then A thermalizes (for all initial states)

Definition 1 Observable A thermalizes if Tr[A(t)⇢0] = hAiV 8⇢0 2 SV
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I. INTRODUCTION

Dramatic experimental progress of the last few years
has enabled the realization of quantum many-body sys-
tems that are well isolated from the environment and
therefore evolve under their intrinsic quantum dynam-
ics. Examples of systems that o↵er a large degree of
control include ultracold atoms in optical lattices (Bloch
et al., 2008), trapped ions (Blatt and Roos, 2012) as
well as nuclear and electron spins associated with im-
purity atoms in diamond (Doherty et al., 2013; Schirhagl
et al., 2014). The tunability and long coherence times
of these systems, along with the ability to prepare highly
non-equilibrium states, enable one to probe quantum dy-
namics and thermalization in closed systems. What are
the possible regimes of quantum-coherent many-body dy-
namics? How does classical hydrodynamic transport,
seen at long times when a system thermalizes, emerge
from the unitary quantum evolution? Under what con-
ditions does a system fail to thermalize, thus evading the
conventional classical fate even at long times? In con-
trast to a majority of experiments in solid state systems,
these questions pertain to highly non-equilibrium states
of matter with non-zero energy density that could trans-
late to high and even infinite e↵ective temperature. Can
quantum e↵ects survive at long times in many-body sys-
tems at such high energy densities? Answering these ba-
sic questions is a necessary step towards understanding a
potentially very rich variety of new states of matter that
can appear in highly non-equilibrium quantum systems.

The most common class of dynamics leads to thermal-
ization: in ergodic1 systems, di↵erent degrees of freedom
exchange energy and information. At long times, the sys-
tem e↵ectively reaches thermal equilibrium, even though
as a whole it remains in a pure quantum state. Intu-
itively, in ergodic dynamics the system as a whole acts as
a thermal reservoir for its subsystems, provided those are
small enough. Stationary states in such systems are de-
scribed by quantum statistical mechanics (Deutsch, 1991;
Srednicki, 1994).

The approach to equilibrium is illustrated in Fig. 1
for a particular setup, known as a quantum quench, in

1 We note that in the context of quantum many-body systems
the term ergodicity is defined somewhat di↵erently compared to
classical mechanics. Our use of this term is synonymous with
thermalization, as discussed in Section II.A.

which a system described by the Hamiltonian Ĥ is pre-
pared in a non-equilibrium state | (0)i, e.g. character-
ized by a non-uniform density of particles. Under uni-
tary evolution e�iĤt, at su�ciently long times, the state
| (t)i = e�iĤt

| (0)i of an ergodic system will have local
observables which appear thermal. Information encoded
in the initial state is e↵ectively erased in the course of
time evolution as it is transferred to highly non-local in-
accessible correlations. First to be washed away are the
quantum correlations in the initial state, while the last to
disappear are the inhomogeneities of conserved densities
that are transported by slow di↵usion modes. Ultimately
the local physical observables will be determined just by
the values of the few global conserved quantities, total
energy, particle number etc.

The mechanism of thermalization, as well the approach
to thermal equilibrium in di↵erent systems, are issues
of central importance in statistical mechanics. While
there exist di↵erent regimes of thermalization (e.g., it
can be parametrically slow), it is of particular interest to
find systems which avoid thermalization. In this case,
quantum information encoded in the initial state can
persist and govern the dynamics at long times as well
as the steady state. Thus, ergodicity-breaking systems
can allow for new forms of stable quantum phases and
phase transitions that are unique to the non-equilibrium
settings. Moreover, understanding ergodicity breaking
mechanisms could provide new insights into the workings
of thermalization.

Thermalization requires that di↵erent parts of ergodic
systems exchange energy and particles, and consequently
thermal systems must be conducting. Therefore, a nat-
ural way to break ergodicity is to find systems which
are insulating. One familiar and well-studied example
of insulating behavior is Anderson localization in non-
interacting disordered systems (Abrahams, 2010; Ander-
son, 1958). The essence of Anderson localization is that
a disorder potential can completely change the nature of
single-particle eigenstates in a crystal: instead of prop-
agating Bloch states, which are similar to plane waves

FIG. 1 In a quantum quench, interacting particles on a lat-
tice are e.g. initially prepared in a state with non-uniform
density. Following unitary quantum dynamics, the thermaliz-
ing system relaxes towards the state where all lattice sites are
equally populated and the density profile is uniform (shown at
the top). In contrast, the many-body localized system retains
the memory of initial state even at infinite time (bottom).
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E R G O D I C I T Y  I N  C L A S S I C A L  D Y N A M I C A L  S Y S T E M S

Theorem Let (M, gt, μ) be a dynamical system. M measure space, gt flow, μ  
gt-invariant measure (normalized). The following are equivalent: 

1. For any (almost) invariant set X ⊆ M, either μ(X)=0 or μ(X)=1. 

2. For any two functions f,g∈ L∞(M,μ)  
 
 

3.  For any f∈ L1(M,μ) 
 
 
 
for almost any initial point x0

hf(t)giµ = hfiµhgiµ
<latexit sha1_base64="UzIz7dUIuwSkjMMXpX+ueR8oVco="></latexit>

lim
T!1

1

T

Z T

0
dtf(gt(x0)) = hfiµ

<latexit sha1_base64="La9qiO+OskpstTPNkP3zbou4usw="></latexit>

aka metric indecomposability



Q U A N T U M  D Y N A M I C A L  S Y S T E M S

Definition Observable A is shell-ergodic if hA(t)AiV = (hAiV )2
<latexit sha1_base64="PsCPtrP3bz07WV/Q1TUt9nBj5jY="></latexit>

Proposition 1 Observable A is shell-ergodic if and only if A(t)⇧V = hAiV ⇧V
<latexit sha1_base64="OCmH2BpYzQEbKUWkcZHUb3iWuLA="></latexit>

(characterization 2.)

(characterization 3.)

Proposition 2 Observable A thermalizes if and only if is shell-ergodic

Proposition 3 Observable A is shell-ergodic if and only if it satisfies ETH-D

ETH-D                      ergodicity                     thermalization



M E T R I C  I N D E C O M P O S A B I L I T Y

What about characterization 1.? Heisenberg evolution: 

Shell-ergodicity for all observables A A(t)⇧V = hAiV ⇧V
<latexit sha1_base64="OCmH2BpYzQEbKUWkcZHUb3iWuLA="></latexit>

T (X) := E⇤
t (⇧V X⇧V ) = ⇧V hXiV

<latexit sha1_base64="Q83ya3K+laflJzLj/0Cde0Q/Xyw="></latexit>

T = |⇧V iihh⇢V |
<latexit sha1_base64="F/J/S5MYeBdY+h+SZWjIxBAx3zY="></latexit>

Moreover

T = T ⇤ ) ⇢V =
⇧V

NV
=: ⇢MC

<latexit sha1_base64="a9jxq9o7rZCWBhrJbjVI7V9l120="></latexit>

E⇤
t
: E⇤

t
(A) = eitHAe�itH

<latexit sha1_base64="R3WR0HeA9R2kY0IRSl01aZ13sTw="></latexit>

However: NOT possible unless HV is one-dimensional!

Thermalization only for some 
observables



B E T T E R  D E F I N I T I O N S

Definition 2’a Observable A is shell-ergodic with precision ε if

���Tr (A(t)⇢0)� hAiV
���  ✏ kAk

<latexit sha1_base64="DjcxBIWqeihA3jEg7O8EtYcg/Uo="></latexit>

Definition 1’ Observable A thermalizes with precision ε if

Definition 2’b Observable A is strong shell-ergodic with precision ε if
���
⇣
A(t)� hAiV

⌘
⇧V

���  ✏ kAk
<latexit sha1_base64="EpF3nEGwwuI1GUfKkH5bKg3D41c="></latexit>

Definition 3’ Observable A satisfies ETH-D to precision ε if

for all En 2 V
<latexit sha1_base64="mQPYZ4vVAEPcjPBOZPsb6mCcLcs="></latexit>

k⇧nA⇧n � hAiV ⇧n k  ✏kAk
<latexit sha1_base64="0jwKsqvGgaewEczpVN0lOaC1zZ4="></latexit>

���hn|A|ni � hAiV
���  ✏kAk

<latexit sha1_base64="j8ZsT//QYxbTvhc0yRdiRECx2vA="></latexit>

���hA(t)AiV � (hAiV )2
���  ✏ kAk2

<latexit sha1_base64="jlOxga+UON8j4/ob8OYBcoWcJ1U="></latexit>

2
<latexit sha1_base64="uHE16ETwUdYVUMePXcUoH15Qr/8="></latexit>

Non degeneracy ⟶



R E M A R K :  W H AT  A B O U T  T H E  S T E A D Y  S TAT E ?

���Tr (A(t)⇢0)� hAiV
���  ✏ kAk

<latexit sha1_base64="DjcxBIWqeihA3jEg7O8EtYcg/Uo="></latexit>

Observable A thermalizes with precision ε

We can pick the  ρV we prefer at the price of ε, e.g. ρV = ρMC

���Tr[AEt(⇢0)]� hAiV
��� =

���hAi0V � hAiV
���  ✏

<latexit sha1_base64="Jp/J/fqUSg8a7HAWAtcRzRlEiT8="></latexit>



B E T T E R  P R O P O S I T I O N

Thermalization

Shell-Ergodicity

Strong  
Shell-Ergodicity

ETH-D
✏

<latexit sha1_base64="jSMEYvheLmFH4+j1L++6rzpQHfQ="></latexit>

✏
<latexit sha1_base64="jSMEYvheLmFH4+j1L++6rzpQHfQ="></latexit>

✏
<latexit sha1_base64="jSMEYvheLmFH4+j1L++6rzpQHfQ="></latexit>

✏
<latexit sha1_base64="jSMEYvheLmFH4+j1L++6rzpQHfQ="></latexit>

✏
<latexit sha1_base64="jSMEYvheLmFH4+j1L++6rzpQHfQ="></latexit>

✏
<latexit sha1_base64="jSMEYvheLmFH4+j1L++6rzpQHfQ="></latexit>

✏
<latexit sha1_base64="jSMEYvheLmFH4+j1L++6rzpQHfQ="></latexit>

✏
<latexit sha1_base64="jSMEYvheLmFH4+j1L++6rzpQHfQ="></latexit>

q
k⇢�1

V ⇧V k✏
<latexit sha1_base64="wcNtQtK2oxGL/3x/XzQFVyzKZ+g="></latexit> ✏

<latexit sha1_base64="jSMEYvheLmFH4+j1L++6rzpQHfQ="></latexit>



H O W  I S  C L A S S I C A L  S TAT- M E C H  B U I LT ?

Possibility a) Fix energy exactly: ME = {(q, p)| H(q, p) = E}
<latexit sha1_base64="PVzzNj9fJc1Zyb0pJtyjyvX2k4c="></latexit>

+ Metric indecomposable

f = hfiE
<latexit sha1_base64="pYuDk7Ni+agr3XfgKsnjdOEvXCc="></latexit>

S(E) = kB ln(!(E))

!(E) =

Z
dqdp �[H(q, p)� E]

<latexit sha1_base64="bX90hugVeBt5rwer3T+4YRjXy78="></latexit>

Possibility b) Fix energy approximately: 

VE,� := {(q, p)| E  H(q, p)  E +�}
<latexit sha1_base64="bNfrGc6FMd+3i5I8QiuJZHbt+Mo="></latexit>
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are defined as

hfiVE,�
:=

R
VE,�

dxf(x)
R
VE,�

dx
(3)

=

R
I
dE !(E)hfiER
I
dE !(E)

. (4)

Whereas the entropy is defined as

SV (E) = ln⌦ = ln

Z
E+�

E

dE!(E). (5)

Of course we want averages computed with approach a) to
be equal to those computed with b). Hence we require

hfiE = hfiVE,�
(6)

for almost all E 2 I . This is clearly reminiscent of ETH-
D. To tell the truth this is equivalent to ETH-D only if ⇧n

are one-dimensional [16], so we call it ETH-C (classical). Its
quantum mechanical version is hAiEn = hAiV .

Obviously if f is M -ergodic and satisfies ETH-C then f
is V -ergodic, namely, f(x) = hfiVE,�

for V -almost any
x 2 V

E,�, which is what we wanted. We see a clear parallel
with the quantum world. It is also clear that Eq. (6), as well
as V -ergodicity, cannot be satisfied for all functions f (sim-
ply take an f which is not constant over different ME) and
in general can be valid only approximately. It is the introduc-
tion of the shell V

E,� that forces us to consider approximate
thermalization or ergodicity.

The equivalence between approach a) and approach b) is
usually not discussed at length. A necessary condition is that
hfiE is a smooth function of E and � sufficiently small. As-
suming M

E
is sufficiently well behaved (a Lipschitz domain)

and hfiE differentiable as a function of E we have, as � ! 0,

hfiVE,�
= hfi

E
+

�

2
hfi0

E
+O

�
�2

�
.

From the above an estimate for the relative error is
�����
hfiVE,�

� hfi
E

hfi
E

����� .
�

2✏f
,

where the energy scale ✏f is ✏f = hfi
E
/
���hfi0

E

��� .
All in all, in order for f to thermalize, we need metric in-

decomposability for almost all E 2 I , and ETH-C Eq. (6),
for which a convenient proxy is given by � ⌧ ✏f . For the
Hamiltonian function ✏H = E and we obtain the standard re-
quirement �/E ⌧ 1.

Let us now go back to the quantum realm. Now possibility
a) is not allowed for at least two reasons. First we can argue
(as in [10]) that the uncertainty in energy is a consequence of
the system not being exactly isolated. In this case one cannot
be in an exact eigenstate because of a time-energy uncertainty
where �t is the duration of the interaction process. Likewise,

interaction with environment would cause broadening of lev-
els. These arguments do not apply to a truly isolated system.
For a truly isolated system however, we can say that we could
not define a meaningful entropy function. So considering sce-
nario b) becomes a necessity in quantum mechanics.

Reproducing the classical argument we need then metric in-
decomposability for all the levels in a certain shell (now called
V ). As we have seen, in quantum mechanics, this is simply the
requirement that the levels in V are non-degenerate, a quite
common property. After that we still demand equality of the
two scenarios, i.e.

hAiEn = hAiV

which, as we have seen is, equivalent to thermalization.
Note that any invariant state can be written as ⇢V =P
n
fn⇧n (pn := fn Tr (⇧n) being a probability distribu-

tion). The the phase space average can be written as

hAiV =
X

En2I

pnhAiEn

=

R
I
dE !̃(E)hAiER
I
dE !̃(E)

where we introduced the density of levels function

!̃(E) :=
X

En2I
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